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Abstract 

Singular Finsler metrics, such as Kropina metrics and m-Kropina metrics, have a 
lot of applications in the real world. In this paper, we study a class of singular Finsler 
metrics defined by a Riemann metric a and 1-form /3 and characterize those which 
are respectively Douglasian and locally projectively flat in dimension n > 3 by some 
equations. Our study shows that the main class induced is an m-Kropina metric plus a 
linear part on f5. For this class with m 7^ —1, the local structure of projectively flat case 
is determined, and it is proved that a Douglas m-Kropina metric must be Berwaldian 
and a projectively fiat m-Kropina metric must be locally Minkowskian. It indicates 
that the singular case is quite different from the regular one. 
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1 Introduction 

There are two important projective invariants in projective Finsler geometry: the Douglas 
curvature (D) and the Weyl curvature (W° in dimension tvi^o and W in higher dimensions) 
([!])■ A Finsler metric is called Douglasian if D = 0. Roughly speaking, a Douglas metric is 
a Finsler metric having the same geodesies as a Riemannian metric. A Finsler metric is said 
to be locally projectively flat if at every point, there are local coordinate systems in vi^hich 
geodesies are straight. As we know, the locally projectively flat class of Riemannian metrics 
is very limited, nothing but the class of constant sectional curvature (Beltrami Theorem). 
However, the class of locally projectively flat Finsler metrics is very rich. Douglas metrics 
form a rich class of Finsler metrics including locally projectively flat Finsler metrics, and 
meanwhile there are many Douglas metrics which are not locally projectively flat. 

In this paper, we will concentrate on a special class of Finsler metrics: (a, /3)-metrics, and 
characterize those which are Douglasian and locally projectively flat under the condition ^ 
below. An {a ^ p) -metric is defined by a Riemannian metric a = aij(x)y'^y^ and a 1-form 
P = bi{x)y^ on a manifold M, which can be expressed in the following form: 

F = a(f>{s), s = PI a, 

where (j){s) is a function satisfying certain conditions. It is known that F is a, regular Finsler 
metric if /3 satisfies ||/3||q, < bo and (/)(s) is C°° on {—bo, bo) satisfying 

0(s)>O, cf,{s)~scb'{s) + {p^-s^)cb"{s)>0, {\s\<p<bo), (1) 

where bo is a positive constant ([10 ). If (f)(0) is not defined or does not satisfy ([T]), then the 
(a, /3)-metric F = a(j){/3/a) is singular. Singular Finsler metrics have a lot of applications 
in the real world ([1] [2] ). Z. Shen also introduces singular Finsler metrics in |11) . 
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Assume (f>{s) is in the following form 

^{s) cs + 5^(^(5), (2) 

where c,m are constant with m ^ 0,1 and Lp{s) is a C°° function on a neighborhood of 
s — with ip{0) = 1, and further for convenience we put c = if m is a negative integer. If 
m = 0, we have ^(0) = 1 and this case appears in a lot of literatures. When m > 2 is an 
integer, ([2]) is equivalent to the following condition 

0(O) = O, (0) = (2 < /c < m- 1), (0) = m!. 

Another interesting case is c = and (p{s) = 1 in and in this case, F — a(/)(s) is called 
an m-Kropina metric, and in particular a Kropina metric when m — — I. 

The case (j){0) = 1 has been studied in a lot of interesting research papers ([S]-|7] [3] [TU] . 
[14]-[16]). In [5] [9], the authors respectively study and characterize Douglas (a, /3)-metrics 
and locally projectively flat (a, /3)-metrics in dimension n > 3 and 0(0) — 1, and further, 
the present author solves the case n = 2 and shows that the two-dimensional case is quite 
different from the higher dimensional ones ([S]). In singular case, there are some papers on 
the studies of m-Kropina metrics and Kropina metrics (|H] [H] [13] [ID])- Further, in [T7] . 
the present author classifies a class of two-dimensional singular (a, /3)-metrics F = a4){l3/a) 
with <f){s) satisfying the condition ([2]) which are Douglasian and locally projectively flat 
respectively. In this paper we will solve the singular case under the condition ^ in higher 
dimensions, which shows that the singular case is quite different form the regular condition 

0(0) = 1 (cf. [5] m)- 

Theorem 1.1 Let F = a4>(s), s = P/a, he an n-dimensional {a, (3) -metric on an open 
subset U C i?" (n > 3j, where satisfies Suppose db in U and that (3 is not parallel 
with respect to a. If F is a Douglas metric, or locally projectively flat, then F must be in 
the following form 

F = c;3 + /3'"ai-'", {a := ^/a^ + k/S"^, p := (3), (3) 
where c,k are constant. Note that a is Riemannian if k > —1/b^. 

If 6 = constant in Theorem 1 1.1[ there are other classes for the metric F (see Theorem 
14.11 and Theorem 15.11 below) . Theorem 11.11 also holds if n = 2, but there is much difference 
between n — 2 and n > 3 when we determine the local structures of in ((21) which is 
Douglasian or locally projectively flat (cf. [T7]). 

Theorem [TTTj naturally induces an important class of singular Finsler metric — m-Kropina 
metric F — /S'^a^^™. When m = —1, F — / (3 is called a Kropina metric. There have 
been some research papers on Kropina metrics ([8] [13] [20]). In [12], the present author and 
Z. Shen characterize m-Kropina metrics which are weakly Einsteinian. 

Next we determine the local structure of the metric F — cf3 + /3™q;^~™ which are Dou- 
glasian and locally projectively flat respectivley when m ^ —1. The method is the applica- 
tion of the following deformation on a and /3 which is defined by 

5 /3:=fe"~i/3. (4) 

The deformation (j4]) first appears in |12j for the research on weakly Einstein m-Kropina 
metrics. It also appears in ,17^. It is very useful for m-Kropina metrics. Obviously, if F is 
an m-Kropina metric, then F keeps formally unchanged, namely, 

Further, /3 has unit length with respect to a, that is, ||/3||3 = 1. 
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Theorem 1.2 Let F = cf3 + /3"^a^ " be an n{> 3) -dimensional Douglas {a, fH) -metric, 
where c,m are constant with m ^ 0, ±1. Then we have the following cases: 

(i) (c = 0) F can be written as F — a"'^""'/?™, where j3 is parallel with respect to the 
Riemann metric a, and further a, (3 are related with a, /3 by 



where rj = > is a scalar function. Further, F is actually Berwaldian. 

(ii) {c ^ 0) F can be written as F ~ crj/S + f5™a^~"^ , where f3 is parallel with respect to 
the Riemann metric a with rj/S being closed. Furhter we have Q). 

Theorem 1.3 Let F = cj3 -\- /3™a^~™ be an n{> ^i)- dimensional locally projectively flat 
[a, P) -metric, where c,m are constant with m ^ 0,±1. Then we have the following cases: 

(i) {c = 0) F can be written as F = a^^"^ f3™ , where a is flat and 13 is parallel with respect 
to a, and thus a and /? can be locally written as 



Further a, (3 are related with a,/3 by Moreover F is locally Minkowskian. 

(ii) {c ^ 0) F can be written as F — C7]j3 + f3™a^~"^, where ^ and ^ hold with rj — 
ri{x^) > 0. In this case, F is Berwaldian, or locally Minkowskian if and only if c = 
or rj — constant in and here rj = constant implies a is fiat and j3 is parallel. 

For the two-dimensional case, we have proved that the metric F = cf3 -\- / (3 is always 
Douglasian, the m-Kropina metric in Theorem 1 1.2( 1) is locally Minkowskian (determined by 
Thcorcm ll.3f i)). and the metric F in Theorem I 1.2( 11) is locally projectively flat if additionally 
m 7^ — 3 ( 17J). When a is Not flat and f3 is parallel with respect to S, then the m-Kropina 
metric F in Theorem 1 1.2( 1) is Douglasian but Not locallly projectively flat, and a family of 
concrete examples to this case are given in the last section. 

When m = —1, the deformation ^ cannot be applied to Theorem 11.21 and 11.31 to 
determine the local structure oi F = cf3 -\- 0^/(3 which is Douglasian or locallly projectively 
flat. See the general characterization in Theorem 16.11 and 16.21 respectivelv below. In [18], 
we further prove that for the dimensions n > 2, \i F — c(3 -\- 0^/(3 is locally projectively 
flat with constant flag curvature, then F is locally Minkowskian. If c/3 is small, then F — 
{a^ -\- c/3'^)/f3 — / (3 is a Kropina metric. In [TH], the present author has shown some 
non-trivial examples of Kropina metrics which are locally projectively flat. 

Open Problem: Determine the local structure of the n{> 3)-dimensional metric F = 
c/3 -t- 0^/(3 which is Douglasian or locallly projectively flat. 

2 Preliminaries 

Let F = F{x, y) be a Finsler metric on an n-dimensional manifold M . In local coordinates, 
the spray coefficients are defined by 



a — Tj 



a, ^ = TjP, 



(5) 



(6) 




(7) 
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If _F is a Douglas metric, then are in the fohowing form: 



^-T)^{x)y=y^ + P{x,y)v\ (8) 



where r*^(a;) are local functions on M and P(x, y) is a local positively homogeneous function 
of degree one va. y. It is easy to see that is a Douglas metric if and only if G^y^ — G^y"^ is 
a homogeneous polynomial in (?/*) of degree three, which by (HJ can be written as ([3]), 



According to G. Hamel's result, a Finsler metric F is projectively flat in U if and only if 

F,„vy"-^.' =0. (9) 
The above formula implies that G* = Py^ with P given by 

P=-^- (10) 
Consider an (a, /3)-metric -F = a<j){l3 / a). The spray coefficients G^ of a are given by 

Let V/3 = b^jy^dx^ denote the covariant derivatives of /3 with respect to a and define 
-{biij + bji,), := -( 



-{biij + bji^), s,j := -{biij - bj\i), rj := 6V.y, sj := b'sij, := a*''sfe, 



where 6' := and (a*-') is the inverse of (ay). By ([71) again, the spray coefficients G' of 
are given by: 

G' = Gj, + aQs'o + a-^ei-2aQso + roo)y' + *(-2aQso + roo)b\ (U) 
where = a'^'sfc-,, sj, = sly'', = fe'^Sfc^, sq = Siy\ and 



Q - sQ' 



Q:=-e-7' Q-^^^' A:^l + .Q + (6^-.^)g' 



so 



2A 2A 



By ([TT]) one can see that F = a<j){/3/a) is a Douglas metric if and only if 



«0(4y'' - 4y') + *(-2aQso + roo){bV " ^^2/^) = T^iGhv' - Gi,y^)y*y', (12) 



where G^; := F^; — 7^.;, are given in ([5]) and Yki '■= d'^G^^/dy'^dyK 
Further, F ~ aip{(3/a) is projectively fiat on C C i?" if and only if 

(omitt^ - ymyi)Ga + a^QsiQ + '^a{-2aQsQ + roo)(a6i - «?/;) = 0, (13) 

where yi = a^uy"^ ■ 

The following lemma is obvious. 



Lemma 2.1 If Q — ks, where k is a constant, then (j){s) — cvT+fcs^ for some constant c. 



3 Equations in a Special Coordinate System 

Fix an arbitrary point x G M and take an orthogonal basis {ci} at x such that 



\ 1=1 

Then we change coordinates (y') to (s,2/°) such that 

-.a, 13 



where a = \/X]a=2(2/'^)^- ^et 



We have sq = fosio, si — bsn — 0. In the fohowing, we also put 

G% ■■= G%yay\ Gjo Gly\/, G^^o := G1;,yV, etc. 

Then by the above coordinate (s, y") and using (IT^ and (ITS)) , it follows from [S] [5] we have 
the following lemmas: 

Lemma 3.1 ([5]) For n > 2, an {a, p)-metric F = a(j){l3/a) is a Douglas metric if and 
only if there hold the following four identities: 

bQ-s^.s - ^rns'by^__, _ ^ —^(Gl, + Gg, - Gl,y'^)a' - ^Gl.y^, (14) 



- 5?y'')ga2 = ^.A G^uv' " G?iy")a2 + -(Qo/ - G'.oV"), (16) 



(s-gy" - -SoV^bQ = ^{(G?o + GSi)y^ - (G?o + Ggi)y''}. (17) 

Lemma 3.2 ([5] [9]) (n > 2) Let F — a(j){l3/a) be an (a, f3)-metric. Suppose is dependent 
on s, P is not parallel with respect to a and P is closed. Then F is a Douglas metric if and 
only if 

= 2f{Sb,b,+r^{b^a,,-b,bj)}. (18) 
2.^ = ^-^+^(^^---^) (19) 

<5s2 + ^(^,2 „ ^2) ' ^^^^ 

where f = f{x),X — X{x),fi — fi{x),S — 5{x),ri — ri{x) are scalar functions satisfying 
A77 — /i(5 7^ 0. F is projectively flat if and only if il8\) . Iil9\) and 

Gl^pf-f{X(3^+fi{b^a^-/3^)}b' (20) 

hold, where p :— pi{x)y^ is a 1-form. 
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Lemma 3.3 For n > 2, if Sab = 0, then an (a, (3) -metric F — a(j){P/a) is locally 

projectively flat if and only if 

= G?oa2-G°oy^ (21) 

= (^"00 + ^^)^^ - 2(/! ,2) (2g?o - Gli^') + ^Glo, (22) 
f 2bQil-2b^^)s,o , I siG^^s-2bQsu^ 

where G*^, are the spray coefficients of a. 

Note that in (fT6|). if lims_>o = and Q/ s is dependent on s, then we can get si — 0. 
The zero Hmit is a key factor to prove /? is closed using ([T6l) and ([T7| . In singular case, we 
generally don't have linis_j.o = 0. 

4 Douglas (of, /?)-metrics 

In this section, we characterize a class of n(> 3)-dimensional singular (a, /3)-metrics which 
are Douglas metrics. We have the following theorem. 

Theorem 4.1 Let F = a(j){s), s = /3/a, be an n{> 3) -dimensional (a, /3)-metric on an 
open subset U C i?", where (f) satisfies Suppose that j3 is not parallel with respect to a. 
Then F is a Douglas metric if and only if one of the following cases holds: 

(i) (j) and (3 satisfy 

, / X 1 biSj — bjSi ,„ 

(j>{s)=cs+-, = , (24) 

where c is a constant. 

(ii) (j) '"^'^ satisfy 

cj){s) = fcis + s™(l + fc2s2)^, (25) 
b,\j = 2r{m&^a.y - (m + l + A:26^)5j5j}, (26) 
where t = t(x) is a scalar function and ki,k2 are constant. 

(iii) (j) o,''^d (3 satisfy 

cj)[s) = s"(l + fcs2)i^^ (27) 

?Ti + 1 -|- 2kb'^ 

Tij = 2T{mb'^aij - (m + 1 + kb^)bibj} — + ^jSi), (28) 

where k is constant and t = t{x) is a scalar. 
In Theorem O] (iii), if = constant, then k = -l/b'^ in ^H}-^^, and we get 

<j,{s) = ,™{l_(f)2}^, (30) 

rij = 2f{b'^aij - bibj) - ^{biSj + bjSi), (31) 

where f := mr. Note that if n = 2, pip is equivalent to & = constant (see [J), and clearly 
((29|) holds automatically. 
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4.1 d/3 = 

Assume cf> satisfies ([5]), /? is not parallel with respect to a and 13 is closed. Obviously F is 
not of Randers type. So by Lemma [5^ we have P^ . We first determine X,r],S,fi in 
Rewrite (fTO|) as follows 

Plug 

(/)(s) = ais + s™(l + a„i+is + a„+2S^ + flm+ss'"^ + a„i+4S^) + 0(5™+^) 
into ([5^ . Let be the coefficients of in (15^ . First Pm-2 — gives 

r]^nb'^. (33) 

Plugging ([33| into p,„ = yields 

^ = _ !!i±l/,6^ (34) 

TO 

Case A. Assume m = — 1. Plug ([M]). (IMl) and m = — 1 into ([5^ and then we get 

5^0" + S0' - (/) = 0, 

whose solution is given by (|24p . 

Case B. Assume m 7^ — 1. Plugging ([55]) and into = yields 

A = [m{m — 1) + 2a„i+2b^]^, M = "^(™ ^ (35) 

where e = e(a;) 7^ is a scalar. It is easy to see that 

A?7 - ^5 = to(to+1)(to- 1)26^62 7^0. (36) 

Plug dMl, dMl) and dSSl) into (HH) and we get 

2^ ^ ^ ?Ti(m - 1) + 2am+2S^ , . 

- s<^' + (62 - s2)0// m(m-l)fe2 + (i_TO2 + 2a„+262)s2' ^ ^ 

which can be rewritten as 

-TO + A:2s2 , 

(1 + K2S^)S^ 

where we put 

fci = ai, ^2 = -2a„i+2/(™ - 1)- 

Solving the differential equation ^ gives Plug ([221), (011) and ([311) into (HH) and we 

get (|26)) . where we put 

r (to - l)e62T=. (39) 

4.2 d(3^0 

We will deal with the equations ([T ^ - PT)) respectively. 

Step (1): By Lemma l2.ll and the assumption on 0, we see Q/s is dependent on s. So by 
(fT7|) . we have 

-a b —ha n 

SqV -SqV =0, 
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from which we have Sab = since n > 3. Therefore, we obtain (1^^ . 
Step (2): We rewrite (HH) as 

= s[2&0'si, + s(0-s(/.OG?i]/-42fo0'sib + s(0-5(/)OG?i]y'^ + (62-s2)(,/)-s0O^^^ (40) 
where Oat are defined by 

Plug 

0(s) = ais + s™(l + a,n+is + a^+2S^ + a,n+3S^ + o(.s"+3) 
into PO]) . Let p.; denote the coefhcient of s* in (^(11) . By p„i = we get 

(to — l)o 

Substituting (PT|) into p„i+2 = yields 

ny" - Tav" = 0, (42) 

where Ta are defined by 

Ta := (to - l)2&G?i + 2(to - + 2a„+25')sia. 
Since n > 3, by (|^^ we have Tj, = 0, which are written as 

ra 2(TO-TO^ + 2a,„+2b') „ 

^11 ~ 7 TT2T. '^la- [^o 

Finally, plug (HI]) and P5)) into (IT5|) and then we obtain 

Q = -P^, (44) 
(to — l)s 

where we have used the fact that siaU^ — sibj/° 7^ since /3 is not closed and Sab = 0, and k 
is defined by 

_ 2am+2 

fc :— -, 
TO — 1 

Solving the ODE gl]) we get (j){s) given by ((27l) . 
Step (3): Plug (031) and dU) into (US]) and then we get 

Aqs'^ + mb'^Ai = 0, 
where ^q, Ai are polynomials in {y°-) independent of s. By = we get 
-/ri ^^i" 2(to + 1)sio ^ 2msiaa^ 

Plugging (HSI) into Aq = gives 

2(to + 1) [{m - l)fio + (m + 1 + 2kb'^)sio] = 0. 



So if TO 7^ —1 we get 

m + l + 2kb'^_ 

rio = z sio- (46) 

TO — 1 

Now we show to — kb^ 7^ if to 7^ —1, which will be needed in the following. If to — fcfe^ = 0, 
then b — constant, and by (|46p get 

n - , - (m + l)sio 
O = rio + sio = — , 

TO — 1 

which is impossible since siq 7^ 0. 

Step (4): By Sab = and a simple analysis on ([T4|) . we see (fT4|) can be written as 

2 -j^ 2 

2(52''_g2) (^ii - 7)'5a6 + ^(G;ifc + GL) = + r,b), (47) 

where 7 := GJ^ + G^^ (not summed) which is independent of the index a. By (|44l) and the 
definition of ^' we have 

ks^ - m 

^ = (48) 

2[(l+TO + fcfe2)s2 -to62] ■ ^ ' 

Plug Sah = and (|48p into (j47|) and we obtain 

Bos'" + bBis^ + mb^B2 = 0, 
where Bq, Bi, B2 are scalar functions independent of s. Then by i?2 = we have 

GL = ^ - Gl. (49) 
If TO 7^ —1, using m — kb^ 7^ 0, plug into Bq = 0, i?i = and then we obtain 



_ 6(l + fc6^)(7-Gi,) _ TOb(7-Gh) 

^11 — ' - rT2 ""-b- (5^i 

TO — fcO^ TO — fcO 

Now summed up from the above, it follows from p6|) and (|50|) that (|28|) holds if to 7^ — 1, 
where r is defined by 

^.^ Gil -7 
■ 26(m - kb^) ■ 

4.3 The inverse of the case m = — 1 

We have shown that ii F = cP + / (3 is a Douglas metric, then are given by There 
are different ways to show the inverse is also true. We prove the inverse by HH)- We only 
need to show the left hand side of are polynomials in y of degree three. 
Plug 

(j){s) ^ cs + i, 4 = ^ ^"^^ 
into the left hand side of (HD), and then we get 

^{{y's' ~ fs^){c? - cp^) + [bY - Vy^y^o). 
which are clearly polynomials in y of degree three. 
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5 Projectively flat (a, /5)-metrics 

In this section, we characterize a class of 7i(> 3)-dimensional singular (a, /3)-nietrics which 
are projectively flat. We have the following theorem. 

Theorem 5.1 Let F = a(j){s), s — P/a, he an n{> 3) -dimensional (a, P)-metric on an 
open subset U C i?", where cf) satisfies Suppose that f3 is not parallel with respect to a. 
Let Gl^ be the spray coefficients of a. Then F is projectively flat in U with = P{x,y)y^ 
if and only if one of the following cases holds: 

(i) 4>{s) and /? satisfy \24-^ , and satisfy 

In this case, the projective factor P is given by 

P = P- 52(^2 + , ^2) - c/^')^o + r„o/3}. (52) 

(ii) 4>{s) and /3 satisfy h25\l and H26\) . and G„ satisfy 

= py' - T{ma^ - fc2/3')&^ (53) 
In this case, the projective factor P is given by 

P = p + Ta^^s{-m + fcas^) - 5^(1 + fcss^)^}- (54) 

(iii) (/)(s) and (3 satisfy (2^-(iS>, and G^ satisfy 

In this case, the projective factor P is given by 



P = p-2mTfi-- --So. (56) 

(m — 1)0^ 

The above function p = pi{x)y' is a 1-form. 

Proof : Our proof of Theorem 15.11 breaks into two cases: m = —1 and m ^ —1. Firstly 
by (pij) we have 

= |<5a6, (57) 

where ^ — ^(x) is a scalar function. 

Step 1. Assume m = — 1. 

Plug (j){s) = cs + 1/s into ([23l) and we get 

Gli = -^-^^ia, GSo = (^ + 2G}o)2/"-^si„. (58) 
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Next substitute (j>{s) = cs + 1/s and ([57|) into and we have 

Now by ([55]) and ((5^)) we get ((5T|) . where p is defined by 

Finally, we solve the projective factor. Plug (/)(s) = cs + l/s, ((5T|) and Sq = {If sq — fis^) /b'^ 
into (dJ), and then we get = Py^ with P given by ([5^ 



Step 2. Assume m ^ —1. 

Case A: Assume dp = 0. Plugging (I35|) into ^ gives ([331). Next we show By ([Ml) 

we have 

rno = 2r{m62a2 - (l + ,71 + k2b^)P^]. (60) 
Now plug Sio = 0, So = and ^ and ^ into ITTl), and then we obtain (j54p . 



Case B: Assume d(3 ^0. Plugging gl]) and (gel) into ([23]) gives 

^ m—1 (m — 1)0 [m — 1)0 

Next substituting (gH), ([501) and dST]) into ([22]) gives 

GJo = -2m6Ta^ Gj^ ^ - 2&(to - fc6^)T. (62) 
Now by ([6T|) and (j62|) we get (f55|) . where p is defined by 

2 m — i 

Finally, we solve the projective factor. By (f28|) and (|29|) we have 

roo = 2r{m6W-(l + m + fe&^)/32}-2^^^±l±^/3so, 4= ^'^°~^"\ (63) 
Now plug dill), gH), dSSl) and ^ into ([TT|), and then we obtain (|56)) . 

6 Proof of Theorem 11.21 and Theorem 11.31 



Based on Theorem 14.11 and Theorem 15. 1[ we give a general characterization for P = c/3 + 
pm^i-m Douglasian and locally projectively flat respectively. 

Theorem 6.1 Let F — c/S + l3™a^~™ be an n- dimensional {a, j3)-metric on an open subset 
U C i?" (n > 5), where c,m are constant with m ^ 0,1. Then for some scalar function 
T = t{x), we have the following cases: 

(i) (to = — 1) F is a Douglas metric if and only if j3 satisfies 

s., = ^lfl_^. (64) 
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(ii) (c 7^ 0,771 7^ —1) F is a Douglas metric if and only if {3 satisfies 

hi\j = 2T\^mb^a.ij — (m + 1)6^6^}, (65) 

(iii) (c = 0,TO 7^ —1) F is a Douglas metric if and only if (3 satisfies ( |6'4[ j and 

rtj = 2T{mh^aij - {m + l)bibj} - f^j^i)^ (66) 

Theorem 6.2 Let F = cp + p'^a^-^ he an n-dimensional {a, p) -metric on an open subset 
U C i?" (n > 3), where c,m are constant with m ^ 0, 1. Then for some scalar function 
T = t{x) and 1-form p = pi{x)y^ , we have the following cases: 

(i) (to = — 1) F is protectively fiat if and only if j3 satisfies \64^ and satisfy 

G.-Py -^^s. (67) 

(ii) (c7^0;to7^— 1) F is projectively flat if and only if j3 satisfies W5\) and G]^ satisfy 



(iii) (c = 0; TO 7^ — 1) F is projectively flat if and only if (3 satisfies ^64^ and i66\). and G^ 
satisfy 

G^„ = py' - mraH' + a^s\ (69) 

(1 — m)o^ 

We can use the deformation ^ to simplify ((64|). (|66l) and (|69l) . which is shown as foUows: 

Lemma 6.3 For a pair (a,/3), suppose (3 satisfies I166\) and ^64^ - Then under the defor- 
mation /3 must be parallel with respect to a. Further, if the spray coefficients G]^ of a 
satisfy Ii69^) . then a is projectively fiat. 

Proof : By ([66|) and (1641) . a direct computation under (jl]) gives rij — and 'sij = 
respectively. Thus (3 is parallel with respect to a. If ([69|) holds, then under ^ we have 



o n 2toso 
p — Zmrp — 



- 1)62 



y 



So a is projectively flat. 

We can also give another simple proof for m ^ —1. Define F :— /J^a^^™. If (j66| and 
((64|) hold, then _F is a Douglas metric by Theorem l6.1( iii'). Since F keeps formally unchanged 
under by Theorem 16. If iii) we have 

— ' — ' m ~\~ 1 — — 
r^j = 2T{maij - (m + 1)6^6^} - — — -{biSj + bjSi), (70) 

= biSj - bjSi, b^ = 1. (71) 

Contracting ([70]) by 6' and then by b^ and using + = 0, it is easy to get r = 0, nj = 
and Si = 0. So by dTTI) we have Sij = 0. Further, if G^ satisfy (|69|. then F is locally 
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projectively flat by Theorem I6.2f iii). Again, since F keeps formally unchanged under 
by Theorem 16 . 2f iii) and b — I, and using r = and s^; = 0, we have 

G~ = py' - mfo?!)' H ^^q^s' = py\ 

1 — m 

which imply a is projectively flat. Q.E.D. 

Proof of Theorem : 

If c = 0, then we have F — f3"^a^~"^. Since F — /3"^a^~"^ with m 7^ —1 is a Douglas 
metric, by Theorem 16. If iii) we have ([M]) and Put 77 := and then we get ([S|). 

Then by Lemma [^751 we complete the proof of Theorem II. 2( 1). If c 7^ 0, then /? is closed by 
Theorem 16. iT iiV Thus ri/3 is closed. This completes the proof of Theorem ll.2f iiV Q.E.D. 

Proof of Theorem \1.3\ : 

Case A: Assume c — 0. Since F = /?™a^~'" is a Douglas metric, we have (1551) . ([M)) and 
(|69|) by Theorem l6.2r iiiV Then Lemma [6.31 shows that under the deformation ([4]), /3 is 
parallel with respect to a, and a is projectively flat. Thus we can first locally express a in 
the following form 

" = YT^^ ' 

where /i is the constant sectional curvature of a. Since /3 = biy^ is of course a closed 1-form 
which is conformal with respect to a, it has been shown in [21) the following 

~ kx^ + {1 + fi\x\'^)ei — ii{e,x)x^ 



b' = ^/T+Ji\x^{kx' + e^. (73) 



+ 

where fc is a constant and e ~ (e^) is a constant vector, and bi — onjV . By (|73p we have 

1 = 52 ^ Pill ^ |ep + ^''"^1' + ^^^""'f " ■ (74) 

It is easy to conclude from ([7^ that ^ = 0. So a is flat. Thus 5 and /3 can be locally 
expressed as 

Case B: Assume c 7^ 0. In this case, we only need to require additionally that /? be closed 
by Theorem I6.2f ii). Then since /3 = 77/? = riy^ is closed, we see rj = rj{x^). Now we can 
easily verify that for the metric F — cqP + /J^a^"™, © holds. So F is projectively flat 
with — Py^. Further, by (|10l) we can get the projective factor P given by 

P^^iy')': m--^m^, (75) 

and the scalar flag curvature K is given by 

c{y^fr3a]fy^ -1 
^=^^|^^-mij, ?7ii :=ry.i.i. (76) 

Then by ([75[) and ([75[) . is Berwaldian, or locally Minkowskian if and only if c = or 
r] = constant. 
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7 A local representation 




Wc have show that if a is Not flat and (3 is parallel with respect to a, then the m-Kropina 
metric F in Theorem II .2( 1) is Douglasian but Not localUy projectively flat. In this section, 
we give a family of examples to this case. 

Firstly we show a lemma based on [Tl] (also see [TS]). 

Lemma 7.1 Let a be an n- dimensional Riemann metric which is locally conformally flat^ 
and P is a 1-form. Then (3 is a Killing form rij ^ with unit length if and only if a and (3 
can he locally expressed as 

where u := {u^(x), ■ ■ ■ ,u"'{x)) is a vector satisfying the following PDEs (fixed i,j): 

Further, if n = 2, /3 is parallel with respect to a, and a is fiat. 

Proof : Suppose /? satisfies rij — and has unit length. Since a is locally conformally 
flat, we can express it as S = e^°'*^^) lyj. In this case, firstly we can express f3 = e°'{u,y), and 
then by [13], u satisfies ([75|. Since /? has unit length, clearly we have e"' = So we 

get dZZl). 

Conversely, suppose a and (3 are given by ([77]) with u satisfying ([78l) . Clearly f3 has unit 
length. Next we verify = 0. It has been shown in [M] that if a and f3 are given by (|77|) 
with u satisfying (j78p . then /3 is a conformal form satisfying 

r., = ^ + -.^.., (79) 



where 

Then (1791 becomes 



By (I75D, we have 



cr := - ln(|-u|^), au := cr^k. 

where the matrix (A\) is skew-symmetric. Now by ([80l) and ([8T|) we easily get = 0. If 
n — 2, using ([78| we can easily show that /3 is closed. Then plus rij — 0, f3 is parallel with 
respect to a. Q.E.D. 

It is shown in [14 that if n > 3, then all the solutions to ((78|) are given by 

= -2(A + (e, x))x' + \x\''e' + qlx'' + f, (82) 

where A is a constant number, e, / are constant n-vectors and the constant matrix (g^) is 
skew-symmetric. For simplicity, let (ql) = and e = tf for some constant t in ([82]) . It 
is easy to verify that f3 determined by ([T7| and is closed. Then by Lemma [7.11 /3 is 
parallel with respect to a. Further, we can verify that if tf ^ 0, then a is of constant 
sectional curvature if and only if -I- = 0. In this case, a is flat. 
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Example 7.2 Defined a and /3 by 0), where a and /3 are determined by ^77^ . Let u have 
the following form 

u'^-2{\ + t{f,x))x'+t\x\'r + f\ 

where t is a constant and f is a constant vector satisfying tf ^ and + 7^ 0. Then 
the m-Kropina metric F — q!™/3^^™ is Douglasian but not locally projectively flat, where 
m 7^ 0,1. 
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